Abstract. When integrating functions that have poles outside the interval of integration, but are regular otherwise, it is suggested that the quadrature rule in question ought to integrate exactly not only polynomials (if any), but also suitable rational functions. The latter are to be chosen so as to match the most important poles of the integrand. We describe two methods for generating such quadrature rules numerically and report on computational experience with them.
Introduction
Traditionally, Gauss quadrature rules are designed to integrate exactly polynomials of maximum possible degree. This is meaningful for integrand functions that are "polynomial-like". For integrands having poles (outside the interval of integration) it would be more natural to include also rational functions among the functions to be exactly integrated. In this paper we consider n-point quadrature rules that exactly integrate m rational functions (with prescribed location and multiplicity of the poles) as well as polynomials of degree 2n−m−1, where 0 ≤ m ≤ 2n. The limit case m = 2n, in which only rational functions are being integrated exactly, is a rational counterpart of the classical Gauss formula; the latter corresponds to the other limit case m = 0.
In §1 we characterize these new quadrature rules in terms of classical (polynomial) Gauss formulae with modified weight functions. We also identify special choices of poles that are of interest in applications. The computation of the quadrature rules is discussed in §2, and numerical examples are given in §3.
Gauss quadrature for rational functions
Let dλ be a measure on the real line having finite moments of all orders. Let ζ µ ∈ C, µ = 1, 2, . . . , M, be distinct real or complex numbers such that ζ µ = 0 and 1 + ζ µ t = 0 for t ∈ supp(dλ), µ = 1, 2, . . . , M .
(1.1)
For given integers m, n with 1 ≤ m ≤ 2n, we wish to find an n-point quadrature rule that integrates exactly (against the measure dλ) polynomials of degree 2n − m − 1 as well as the m rational functions In the extreme case m = 2n (where polynomials of degree -1 are understood to be identically zero) the formula integrates exactly 2n rational functions (with poles of multiplicities s µ at −1/ζ µ ), but no nontrivial polynomials. The formula, therefore, can be thought of as the rational analogue of the classical Gauss formula; the latter corresponds to the other limit case m = M = 0. The solution of our problem is given by the following theorem. (1.9)
Conversely, (1.8) with t ν ∈ supp(dλ) and (1.9) imply (1.5), (1.6) with t
Remark. Theorem 1.1, for real ζ µ and either all s µ = 1 and m = 2n, or all but one s µ = 2 and m = 2n − 1, is due to Van Assche and Vanherwegen [13] . The quadrature rule (1.5), especially its convergence properties for analytic functions f , has previously been studied by López and Illán [9, 10] .
Proof of Theorem 1.1. Assume first (1.5), (1.6). For µ = 1, 2, . . . , M; s = 1, 2, . . . , s µ , define
(1.10)
Since m ≤ 2n and s ≥ 1, we have q µ,s ∈ P m−s ⊂ P 2n−1 , and therefore, by (1.5),
where (1.7) has been used in the last step and none of the denominators on the far right vanishes by (1.6) and (1.1). This proves the assertion in the top line of (1.9). The bottom part of (1.9) follows similarly: Let p be an arbitrary polynomial in P 2n−m−1 . Then, since p ω m ∈ P 2n−1 , again by (1.5) and (1.7),
To prove the converse, we first note that w G ν is well defined by (1.7), since ω m (t ν ) = 0 by the assumption on t ν and (1.1). One then easily verifies that (1.5) holds for all polynomials (1.10) (of degree < m) and all polynomials of the form p ω m where p ∈ P 2n−1−m . The collection of these polynomials, however, spans P 2n−1 . 2
We will concentrate on six special choices of the parameters ζ µ that are of interest in applications.
Case 1 (Simple real poles). All s µ = 1 in (1.2) (hence M = m), and all ζ µ are real, distinct, and nonzero,
(1.11a)
In this case the polynomial ω m has the form
If the support of dλ is an interval, ω m does not change sign on it because of (1.1).
Case 2 (Simple conjugate complex poles). All s µ = 1 (hence M = m), m even, and the ζ µ occur in m/2 (distinct) pairs of conjugate complex numbers (cf. [9] ),
where ξ ν ∈ R and η ν > 0. Here,
which is strictly positive for real t.
Case 2 ′ (Simple conjugate complex poles plus a simple real pole). All s µ = 1 (hence M = m), m (odd) ≥ 3, and, slightly changing the indexing of the ζ's,
Case 3 (Real poles of order 2). All s µ = 2 in (1.2) (hence 2M = m), and all ζ µ are nonzero, real and distinct,
(1.14a)
The polynomial ω m now has the form
and is nonnegative for real t, and positive on the support of dλ.
Case 3 ′ (Real poles of order 2 plus a simple real pole). Here, all ζ µ = ξ µ are nonzero, real and distinct, s ν = 2 for ν = 1, 2, . . . , M − 1 and s M = 1. Thus, m = 2M − 1, and
If M = n, i.e., m = 2n − 1, the quadrature rule (1.5) is then identical with the "orthogonal quadrature rule" of [13] , having as nodes the zeros of the rational function (1 + ζ n t)
which is orthogonal (relative to the measure dλ) to 1 and to (1 + ζ µ t) −1 , µ = 1, 2, . . . , n − 1. As in Case 1, the polynomial ω m preserves its sign on the interval on which dλ is supported. 
In all six cases, the measure dλ/ω m admits a Gaussian n-point formula for each n = 1, 2, 3, . . . , so that the assumption of Theorem 1.1 is fulfilled for each n.
Putting f (t) = ω m (t)g(t) in (1.5) and using (1.7), we get
where from the well-known expression for the remainder term of Gaussian quadrature rules, one has
Here, τ is some number in the smallest interval containing the support of dλ, and β k = β k (dλ/ω m ) are the β-recursion coefficients for the measure dλ/ω m (cf. (2.1) below). The latter are computed as part of the algorithms to be described in the next section.
2. Computation of the quadrature rule (1.5)
We propose essentially two methods for generating the basic quadrature rule (1.5), the first being most appropriate if the support of dλ is a finite interval, the other more effective, though possibly slower, when the support interval of dλ is unbounded.
2.1. Method based on partial fraction decomposition and modification algorithms. To compute the n-point formula (1.5), it suffices to compute the nthdegree orthogonal polynomialπ n ( · ) = π n ( · ; dλ) relative to the measure dλ = dλ/ω m , or, more precisely, the recursion coefficientsα k = α k (dλ),β k = β k (dλ), k = 0, 1, . . . , n − 1, in the three-term recurrence relation satisfied by these (monic) polynomials:
The nodes t G ν and weights w G ν in (1.5) can then be obtained by standard techniques via an eigensystem problem for the (symmetric, tridiagonal) Jacobi matrix of order n having theα k , k = 0, 1, . . . , n − 1, on the diagonal, and β k , k = 1, 2, . . . , n − 1, on the side diagonals (see, e.g., [7] , [4, §6] ). The coefficientsα k ,β k in turn are expressible in terms of the orthogonal polynomialsπ k aŝ
where ( · , · ) denotes the inner product
(If the error constant γ n in (1.18) is desired, one needs to compute, in addition,β n .) The basic idea of computing the coefficients in (2.2) is as follows. Suppose we can construct an N-point quadrature rule for dλ = dλ/ω m , where N > n, which is exact for polynomials of degree ≤ 2n − 1:
Here the weights W k are not necessarily all positive. Denote the discrete measure implied by the sum on the right by dΛ N :
Then from the formulae in (2.2) one easily sees by induction that
Thus, the desired recursion coefficients are the first n of the α-and β-coefficients belonging to the discrete measure dΛ N . These can be generated by Stieltjes's procedure, which is implemented in the routine sti of [4] . (The faster routine lancz of [4] , implementing the Lanczos method, would also be applicable here, even though dΛ N is not necessarily a positive measure.) We next show how a quadrature rule of type (2.4), with N = O(mn), can be constructed by means of partial fraction decomposition and suitable modification algorithms. For this, we consider separately Cases 1-3 ′ identified in §1. The analysis of Case 4 becomes so tedious that we will not pursue it any further in this context; see, however, §2.2.
2.1.1. Simple real poles. We set up the partial fraction decomposition of 1/ω m in the form 1
where 8) and an empty product in (2.8) (when m = 1) is to be taken as 1. Then,
The integrals on the right involve measures c ν dλ modified by linear divisors. For such measures, the associated recursion coefficients can be obtained from those of c ν dλ (assumed known) by a suitable modification algorithm (cf. [4, §5] ). Unless x ν = −1/ξ ν is very close to the support interval of dλ, the most appropriate algorithm is the one embodied in the routine gchri of [4] with iopt = 1. Otherwise, the routine chri of [4] (again with iopt = 1) is preferable. A basic ingredient of the routine gchri is the modified Chebyshev algorithm (cf. [2, §2.4]) using modified moments
Having obtained, in whichever way, the first n of the α-and β-coefficients for the modified measure c ν dλ(t)/(t − x ν ), and hence the Gaussian quadrature formula
via eigensystem techniques, we then get
hence the desired quadrature rule (2.4), with N = mn and
(2.10)
The procedure described works best if the support of dλ is a finite interval. Otherwise, the modified Chebyshev algorithm underlying the procedure is likely to suffer from ill-conditioning; cf. Example 3.4. Another difficulty that may adversely affect the accuracy of the results, in particular if m = 2n, is the possibility that the constants c ν sgn t∈supp(dλ) (t + 1/ξ ν ) become very large and alternate in sign; cf. Example 3.2. This will cause serious cancellation errors in evaluating inner products relative to the measure dΛ N (there being blocks of weights W k which are very large positive alternating with blocks of weights which are very large negative). In such cases, either m has to be lowered, perhaps down to m = 1, or else the method discussed in §2.2 invoked, which will be more effective (but possibly more expensive).
2.1.2.
Simple conjugate complex poles. We now consider Case 2 of §1, i.e., conjugate complex parameters ζ ν = ξ ν + iη ν , ζ ν+m/2 =ζ ν , where ξ ν ∈ R, η ν > 0 and m is even. In this case, an elementary computation yields the partial fraction decomposition
where 
2.1.2
′ . Simple conjugate complex poles plus a simple real pole. We are now in Case 2 ′ of §1, with m odd, ζ 0 = ξ 0 ∈ R and the remaining ζ µ conjugate complex as in Case 2. This yields
17)
where
1 when m = 2. Here, N = mn in (2.4).
2.1.3
′ . Real poles of order 2 plus a simple real pole. Similarly as in §2.1.3, the partial fraction decomposition has now the form
Empty sums and products (when M = 2) have their conventional values 0 and 1, respectively. Again, N = mn in (2.4). The presence of two terms in the summations of (2.17) and (2.20) complicates matters considerably, as they call for two applications of the routine gchri: First, we must generate sufficiently many of the recursion coefficients for the measure dλ(t)/(t − x ν ), x ν = −1/ξ ν , in order next to generate the desired recursion coefficients for dλ(t)/(t − x ν ) 2 by backward recursion -a recursion based on the recurrence relation generated in the first application of gchri (which in turn requires backward recursion!). The procedure nevertheless works well if the x ν are not too close to the support interval of dλ; see Example 3.3.
Discretization method.
In this method, the inner product (2.3) is approximated by a discrete (positive) inner product,
whereupon the formulae (2.2) are applied with the inner product ( · , · ) replaced by ( · , · ) N throughout. This yields approximationŝ
In effect we are generating the polynomials orthogonal with respect to the discrete inner product ( · , · ) N in order to approximate the desired orthogonal polynomials. The computation of the approximate coefficients (2.22) can be done by either Stieltjes's procedure or Lanczos's algorithm (cf., e.g., [3, § §6-7] ). Both are implemented in the routine mcdis of [4] .
With any reasonable choice of the discretization (2.21), it will be true that the procedure converges as N → ∞,
A natural choice, indeed, is given by The discretization method is conceptually simpler, and sometimes more stable, than the methods of §2.1, but may become significantly more expensive, regardless of the choice of m, if poles are close to the interval of integration, or if high accuracy is desired; cf. Examples 3.1 and 3.5. Note also that Case 4 that was skipped in §2.1 can easily be handled by the present method; see Example 3.6.
Numerical Examples
All examples in this section were computed on the Cyber 205 in both single and double precision. The respective machine precisions are 7.11 × 10 −15 and 5.05 × 10 −29 .
Example 3.1.
Here, dλ(t) = dt, and the poles of the integrand are located at the integer multiples of ω. It is natural, then, to make our quadrature rule (1.8) exact for m elementary rational functions matching the m poles closest to the origin, say those at −(m/2)ω, . . . , −ω, ω, . . . , (m/2)ω when m is even. This suggests to identify −1/ζ µ in (1.2) with these poles, i.e., in (1.11a) to set
Best accuracy is expected when m = 2n, in which case the method described in §2.1.1 was found to work rather well, the only difficulty being the relatively slow convergence of the backward recurrence algorithm for computing the 2n modified (Legendre) moments associated with the measure dt/(t ± ω) when ω is very close to 1. For singleprecision accuracy ǫ = Other than that, the method appears to be very stable and produces quadrature rules that are rapidly converging. In Table 3 applied to g(t) = (πt/ω)/ sin(πt/ω) in double precision are shown for ω = 2, 1.1 and 1.01, along with the error constants γ n of (1.18). Also shown in the last column are the relative errors of the n-point Gauss-Legendre rule. For ω = 2, the exact answer is known to be 8C/π, where C is Catalan's constant (cf. [8, Eq. 3.747 (2)]). The value shown in Table 3 .2 for n = 10 agrees with it to all 25 decimal digits given. Ordinary Gauss-Legendre quadrature is seen to converge rather slowly, as ω approaches 1. In contrast, convergence of the rational Gauss quadrature rule is fast even for ω very close to 1. The extra effort required in this case is expended, as illustrated in Table 3 .1, at the time when the rule is generated. Identical results were obtained by the discretization method of §2.2, but with substantially greater effort, particularly for higher accuracies and for ω close to 1. Respective timings are shown in Table 3 .3, both for single-precision (SP) and double-precision (DP) accuracy requirements of × 10 −25 , respectively. While the choice m = 2n indeed gives best accuracy, other choices of m may be preferable if the effort and time to generate the quadrature rule is of any importance. It turns out that with the method of partial fractions, m = 2⌊(n + 1)/2⌋ gives almost the same accuracy at about half the effort, whereas m = 2 gives considerably less accuracy but requires only about one-tenth the effort. The discretization method of §2.2, on the other hand, requires essentially the same effort regardless of the choice of m. Some timings required to generate the quadrature rules for various m and n, and the relative errors achieved, are shown in Table 3 If m = 2, the values of n for which full accuracy of about 10 −25 is attained are 15, 21 and 22 for ω = 2.0, 1.1 and 1.01, respectively. Interestingly, the timings involved are only about half those for m = 2⌊(n + 1)/2⌋ shown in Table 3 .4.
Here we take dλ(t) = t −1/2 dt on [0,1]. If we wish to match the first 2n − 1 poles of the gamma function at the negative integers as well as the pole at −ω, we set m = 2n in
The rational n-point Gauss rule (1.7), (1.17), generated by the method of §2.1.1, then produces (in double precision) results as shown in Table 3 .5, where ω = . In the last column we list the absolute value of the difference between double-precision and singleprecision results. In contrast to Example 3.1, we now see a case in which the accuracy reaches a limit (at about n = 10) and deteriorates, rather than improves, as n is further increased. (When n = 20, the calculation even breaks down in single precision!). The last column in Table 3 .5 provides a clear hint as to what is happening: a steady growth in numerical instability. Closer examination reveals the true cause of this instability. 
The method of §2.2, in contrast, does not suffer from any numerical instability and produces for n = 12, with comparable effort, the value I 2 (.5) = 1.750120591261335415394610, (3.3) believed to be correct to all 25 digits shown. Matching only n poles, and thus taking m = n in (3.2), stabilizes the procedure of §2.1.1 considerably, and as a consequence produces the correct result (3.3) (except for a discrepancy of 1 unit in the last decimal place) for n = 11. An even more stable procedure results from taking m = 2 and, amazingly, yields the correct answer (to all digits shown!) already for n = 13.
Similarly as in Example 3.1, we take
We applied the procedure described in §2.1.3 for ω = 2, 1.5, 1.1 and 1.01, both in single and double precision, requesting accuracies of ǫ = Table 3 .6 for the four values of ω. As expected, the procedure becomes laborious as ω approaches 1. Selected double-precision results produced by the n-point rational Gauss rule, along with error constants, are shown in Table 3 .7. The last column shows the relative error of results generated by the n-point Gauss-Legendre rule. For ω = 2, the exact answer is known to be I 3 (2) = 4 ln 2 ([8, Eq. 3.837(2)]) and is correctly reproduced to 25 digits when n = 11. Note again the fast convergence of the rational Gauss quadrature rule, even for ω very close to 1, in contrast to the relatively slow convergence of the ordinary Gauss rule, especially for ω close to 1. While the choice m = 2⌊(n + 1)/2⌋ produced similar advantages as in Example 3.1 -an increase of speed by a factor of about 2 at only a slight loss of accuracy -the choice m = 2 offered no significant gains in accuracy over the Gauss-Legendre rule, unlike m = 4, which did (since a symmetric pair of double poles is now accounted for).
We also applied the discretization method of §2.2 and obtained identical results with somewhat less effort in the case ω = 2, and about the same effort in the case ω = 1.1. For ω = 1.01, however, we were unable to attain the requested doubleprecision accuracy with a discretization parameter N ≤ 800 (in (2.21)).
The appropriate measure here is dλ(t) = e −t dt on [0,∞]. Since the integrand has poles at the integer multiples of 2πi, we let ζ ν = −1/(2νπi) = i/(2νπ), and thus in (1.12) take
The quantity p ν in (2.13) being real, and thus d ν = 0 in (2.12), there is no nonconstant linear factor in the numerators of (2.11). This simplifies somewhat the procedure in §2.1.2, as it obviates the need to apply the routine chri.
In Table 3 .8 we compare the performance (in double precision and for m = 2n) of our rational quadrature routine with Gauss-Laguerre quadrature (applied to f (t) = t/(e t − 1)) and the Gaussian quadrature rule (applied to f (t) = e −t ) associated with "Einstein's weight function" t/(e t − 1); for the latter see [6] . The respective relative errors are shown in the last two columns. It can be seen that the Gauss-Laguerre and Gauss-Einstein quadratures are comparable in accuracy, the former being somewhat more accurate for small values of n, the latter for larger values of n. Both quadrature rules, however, are incomparably inferior to the rational Gauss formula, which for n = 15 produces the true value of the integral, ζ(2) − 1 = (π 2 /6) − 1, to 25 correct decimal digits. (Actually, the last digit is off by one unit.) The results become even slightly more accurate when we choose m = 2⌊(n+1)/2⌋, and are still better, by several orders of magnitude, than those for Gauss-Laguerre and Gauss-Einstein quadrature when m = 2. The high accuracy of our rational quadrature rules in this example is all the more remarkable as the routine gchri, used in their construction (by the methods of §2.1.2), is subject to ill-conditioning, causing the recursion coefficients for the relevant orthogonal polynomials to gradually lose accuracy (by as much as 10 decimals, when n = 15 and m = 2n).
This weakness is accentuated when one tries to deal with more difficult integrals, for example, I(θ) = Numerical results for I 5 and comparison with Gauss-Laguerre quadrature η = −.1, we were able to go only up to n = 13; when n = 14, our procedure failed by producing a negative β-coefficient in (2.2). The difficulty is caused by the illconditioning (mentioned after (2.10)) affecting the modified Chebyshev procedure. Even though our procedure was successful for n = 13, it had to work hard to take care of the pole at η = −.1: Backward recursion to compute modified moments had to start at ν = 584 to get single-precision accuracy 1 2 × 10 −10 , and at ν = 2650 to get double-precision accuracy θt as in (3.6), produces the Bose-Einstein integral whose computation by rational Gauss quadrature is discussed in [5] . Here, as in Example 3.4, we take dλ(t) = e −t dt and parameters ξ ν , η ν as in (3.5), except that there are only m/4 of them, m being divisible by 4. In Table 3 .10 we give n n-point rational Gauss err GL err GE 2 . 
